There is evidence that a number of heavy-fermion/mixed-valence materials show hybridization gaps either at the Fermi energy or close to it. In the former case, a heavy-fermion semiconducting state ensues, and in the latter case, the system remains metallic at low temperatures. In either case, there are significant indications that the electronic structure is extremely temperature dependent. In particular, there is evidence from spectroscopic and transport properties that the gap closes at high temperatures and also that the heavy-quasiparticle bands disappear at high temperatures. The magnitudes of the gaps scale with the effective quasiparticle masses. We present a phenomenological model that exhibits a temperature dependence which is consistent with the above behavior. The model is based on a periodic array of Anderson impurities in which the electron correlations are represented by the coupling to bosons with Einstein spectra. The model can be approximately solved in a systematic manner. The solution consists of semi-analytic expressions which represent the temperature dependences of the coherent and incoherent structures in the electronic excitation spectra. We shall compare the hybridization gaps predicted by the theory for the metallic case and those inferred from photoemission experiments on UPd 2 Al 3 .
Introduction
Many heavy-fermion materials exhibit hybridization gaps in their electronic spectra. In the case where the chemical potential lies within the hybridization gap, the ground state is a heavy-fermion semiconductor [1, 2] or Kondo insulator. The indirect hybridization gap can be extracted from the temperature dependence of the transport properties [3] as the activation energy, or can be inferred from spectroscopic measurements such as photoemission [4, 5] or inelastic neutron scattering experiments [6, 7] . The direct gap can be inferred from optical absorption measurements [8] [9] [10] . When the chemical potential lies outside the hybridization gap, either metallic or semi-metallic [11] [12] [13] behavior results. There is evidence that the hybridization gaps in the heavy-fermion semiconductors close as the temperature is increased, which is in accordance with slave boson theories [7] . However, whereas in the mean-field slave boson description the gap falls to zero above the coherence temperature, in some experiments on cerium compounds the gap was found to remain finite but small at the highest temperatures [14] . Hybridization gaps in the density of states have also been observed in metallic systems at sufficiently low temperatures. In the metallic case, the magnitude of the hybridization gap follows a simple universal scaling with the quasiparticle effective mass [10] . The metallic uranium compound UPd 2 Al 3 lies directly on the scaling line and other systems, such as either URu 2 Si 2 [15] or UPt 3 [16] , deviate slightly from the linear relationship, perhaps either due to an enhancement of effective mass by magnetic excitations or due to the suppression of the hybridization gap by magnetic ordering. Our photoemission measurements of UPd 2 Al 3 , discussed below, indicate that in spite of the magnetic ground state, the low temperature value of the gap follows the universal scaling law and temperature dependence of the hybridization gap follows the mean-field behavior.
In this paper, we shall provide a phenomenological theory which describes the temperature dependence of the hybridization gap in semiconducting and metallic systems based on an electron-boson coupling interaction. The coherent part of the hybridization which produces the gap is found to be subject to an exponential renormalization that is reduced as the temperature is increased. The remaining part of the self-energy is responsible for the scattering of the quasiparticles, and is minimal at the Fermi energy and increases as the temperature is increased. In what follows, we shall describe the model Hamiltonian and perform a canonical transformation that mixes the electronic and bosonic degrees of freedom. We shall calculate the single-fermion f Green's function, and determine the temperature dependence of the hybridization gap for the metallic case and compare our results with the temperature dependence of the gap extracted from photoemission experiments on UPd 2 Al 3 .
The model Hamiltonian
The model Hamiltonian is based on the non-interacting Anderson Lattice model which describes hybridized f and conduction bands. The electronic correlations are modeled by a bath of bosons which are coupled to the f electronic system via an interaction linear in the boson displacement. The total Hamiltonian is written aŝ
The first term represents the binding energy E f of the localized f states at the lattice sites labeled by the index i . Here, the operators f † iσ and f iσ , respectively, create and annihilate an f electron of spin σ in the orbital located at site i . The second term represents the energy k of the conduction band Bloch states labeled by the Bloch wavevector k, and d † kσ and d kσ , respectively, create and annihilate a conduction electron of spin σ in the kth Bloch state. The third term represents the hybridization between the localized f electron states and the conduction band states. The fourth term represents the energyhω q of a boson in the bath labeled by the wavevector q, in which a † q and a q are, respectively, the boson creation and annihilation operators. The last term represents the interaction between the f electrons and the boson bath.
The bosonic degrees of freedom can be thought as emulating the slave bosons which represent the effect of the electron-hole excitations of the system in the limit of a large Coulomb interaction strength. In the Kondo limit appropriate to nonmagnetic Ce compounds, a typical slave boson energy would be around 2 eV. On the other hand, for systems close to magnetic instabilities, the bosonic degrees of freedom can be thought of as describing the incoherent spin fluctuations, where a typical boson energy would be a small fraction of an electronvolt.
The non-interacting limit
In the limit of non-interacting electrons, i.e. λ q ≡ 0, the electronic structure decouples from the bosons. The electronic part of the non-interacting HamiltonianĤ 0 is given bŷ (2) which is diagonal in the Bloch index.
The phase of the hybridization matrix elements can be gauged away by absorbing the phase in either the d or f electron operators. The non-interacting Hamiltonian can then be diagonalized by introducing a pair of new fermionic operators α kσ , β k,σ , via the canonical transformation
where k is still to be determined. Since the transformation is canonical, the new fermion operators must satisfy the anticommutation relations;
For the choice of k given by
the terms in the Hamiltonian which are bi-linear in the fermion operators α and β vanish. For this choice of k , the noninteracting electronic Hamiltonian has the diagonal form
The electronic dispersion relations are shown in figure 1. We note that the spectrum exhibits a direct gap between the pair of hybridized bands of energy 2 V and an indirect gap given by =
, where W is the conduction band width. It is the hybridization gap which plays an important role in the description of heavy-fermion semiconductors, and is responsible for the gap seen in the photoemission spectra of metallic heavy-fermion systems.
The canonical transformation
The mass enhancement of the f quasiparticle excitations in the metallic limit may be understood if one assumes that the hybridization matrix elements are subjected to a polaronic reduction. This can be achieved by using a canonical transformation which is a variant of the Lee-Low-Pines transformation [17] that is given bŷ Applying the transformation to the parts of the Hamiltonian which couple to the bosons, one can eliminate the electronboson coupling sincê
Thus, the Hamiltonian is diagonal in the limit V → 0, in which case, the linear electron-boson coupling is removed but in the process, produces a Frank-Condon shift of the f level and also produces an oscillatory long-ranged interaction between the f electrons which, when on-site, reduces to a negative U interaction [18, 19] . In what follows, we shall ignore the interaction between the quasiparticles which is consistent with our neglect of the direct Coulomb interaction U . The canonical transformation has the effect of producing a dynamic renormalization of the hybridization term to yield
If this is replaced by the thermal average, as in the Gutzwiller approximate treatment of electronic correlations, one recovers a polaronic reduction of the effective hybridization interaction of the form
Diagrammatically, the renormalization corresponds to the simultaneous emission and absorption of an indefinite number of bosons at each hybridization vertex. On summing the infinite series, one finds that the series exponentiates, giving rise to the renormalization expressed by equation (10) . The temperature dependence of the renormalized hybridization matrix element is similar to that found in Holstein's treatment of the small polaron [20] . The temperature dependence is shown in figure 2.
The f electron self-energy
In what follows, we are primarily interested in the temperature dependence of the hybridization gap exhibited in the electronic excitation spectra. If one expresses the single-electron f Green's function in terms of the canonically transformed operators, the f electron creation and annihilation operators must be associated with exponentially factors representing the creation or destruction of distortions in the bosonic bath (similar to the exponential factors shown in equation (9)). Therefore, the f electron Green's function involving the transformed f electron operators should also be expressed in terms of convolutions of f quasiparticle Green's functions (which are defined solely in terms of the f quasiparticle operators) and the boson propagators. Since we are primarily interested in the temperature dependence of the hybridization gap and not the detailed line shapes of the electronic spectra, we shall examine the quasiparticle Green's function which is devoid of the exponential operators that distort the bosonic bath. The interactions in the model can be completely subsumed in the self-energy for the f electrons. We shall expand the self-energy in powers of the dynamical hybridization vertices. The lowest-order contribution to the self-energy is of order V 2 . The dynamic hybridization can be expanded in powers of the electron-boson coupling. The resulting diagrams contain a number of bosons that are emitted and absorbed at just one vertex and bosons that propagate between adjacent vertices. The infinite set of diagrams with the same number of bosons propagating between adjacent vertices can be summed over exactly, and lead to the polaronic renormalization of both vertices. The self-energy is given by the sum of a coherent part and the incoherent part
where, to order V * 2 , the incoherent part of the self-energy is given by
On integrating the imaginary part of the general nth-order term in the incoherent part of the self-energy,
f (k, ω), over ω, the summation over momenta become completely decoupled. The result is
On summing over all n, the total weight is found to be given by π|V | 2 involving the unrenormalized hybridization matrix elements, as would have been found without performing the unitary transformation. From this one sees that the number of virtual bosons involved in the ω integrated spectral weight of the imaginary part of the nth-order term in the self-energy follows a Poisson distribution in which the average number of boson excitations involvedn is given bȳ The Poisson distribution, shown in figure 3 , indicates the number of terms that need to be retained in order to calculate the self-energy to a specified accuracy. The number of terms required is expected to increase as the temperature is increased, which is due to the presence of thermally activated bosons. On assuming an Einstein spectrum for the boson, the general nth term in the series for the self-energy
The Krönecker delta function expresses conservation of momentum, modulo reciprocal lattice vectors Q. The delta function can be expressed as
where the sum runs over all the Bravais lattice vectors R. The self-energy can be evaluated approximately by just retaining the term with R = 0. This corresponds to a singlesite approximation, like the DMFA. In this case, the recoil momentum is absorbed in the unit cell at R = 0. The resulting expression for the nth-order contribution to the incoherent selfenergy can then be evaluated analytically. The total self-energy is then found by performing the sum over n numerically.
The zero-temperature limit of the f quasiparticle selfenergy for a metallic system is sketched in figure 4 forn = 2 and 4, where we have assumed an Einstein spectrum with hω E = 0.01 for a value of the band width W = 3, and a hybridization of V = 1/3. All energies are given in units of eV's. It should be noted that the effect of the coherent (i.e. the zeroth-order) term in the self-energy is qualitatively different from the incoherent (higher-order) terms in that it expresses the coherent mixing of the f and d quasiparticle bands and is responsible for the level repulsion that produces the hybridization gap. The magnitude of the coherent hybridization is reduced asn is increased. At T = 0, the sum of the incoherent terms resembles a coarse grained version of the standard electron-phonon self-energy [21] but is expected to be smoother if we use a continuous spectrum as in the Debye model. The imaginary part of the incoherent T = 0 self-energy falls reasonably smoothly to zero in a frequency region of a widthnω E about the Fermi energy and saturates near π V 2 /W at higher-excitation energies (of the order ofnhω E ). The value of the scattering rate at these high energies implies that the f levels are incoherent and behaving as independent atomic scatterers since the result is similar to that found at high energies for the single-impurity Anderson model. The unrenormalized nature of the high-energy limit of the scattering rate has been previously noted by Yang et al in the context of the anomalous phonon spectrum found in alphauranium [22, 23] . The incoherent contributions to the real part of the self-energy shows an approximate linear variation in the same frequency interval around the Fermi energy where the imaginary part exhibits the minimum. The linear ω-variation of the incoherent part of the self-energy contributes a factor of (17) to the T = 0 quasiparticle mass enhancement. The total enhancement of the T = 0 quasiparticle mass is then given by the product
The inverse of this product is responsible for the renormalization of the hybridization gap at T = 0 and also represents the many-body reduction of the quasiparticle weight in the complete f electron excitation spectrum. As the temperature is increased, the self-energies become smoother functions of ω. Also, as T increases, the value ofn increases and, therefore, (due to the sum rule) the ratio of the incoherent to the coherent parts of the self-energy increases. Furthermore, the value of the imaginary part of the self-energy at the Fermi energy (ω = 0) increases as T is increased. At temperatures of the order of hω E , the temperature dependence of the imaginary part of the incoherent self-energy is controlled by the Bose-Einstein distribution function N(ω E ) and may be approximated by
where λ 2 E represents the average of the squared electron-boson coupling strength.
Discussion
The hybridization gap can be inferred directly from inspection of the f quasiparticle Green's function. The k-resolved f quasiparticle density of states A f (k, ω) for the T = 0 limit of our model is shown in figure 5 . It is seen that the f quasiparticle spectra fall to zero at the excitation energy corresponding to the conduction band energy k , as expected from a Fano antiresonance. The broad portion of the f peak has a width of the order of π|V | 2 /W . Furthermore, asn increases, the narrow quasiparticle peak moves closer to the Fermi energy, as is consistent with the closing of the hybridization gap. To be able to identify the hybridization gap more clearly, we shall examine the total f quasiparticle density of states. The f quasiparticle density of states can be expressed as
where the complex function F(ω) is given by the integral
(21) and ρ( ) is the conduction band density of states. The first term in A f (ω) represents the incoherent part of the f quasiparticle density of states. It has the exact form of the f electron Green's function for a single-site-impurity model. The second term represents the coherent part which reflects the hybridized band structure. Specifically, in the limit of a zero electronboson interaction, the contribution to the density of states from the simple pole in the incoherent spectrum is precisely canceled by a corresponding factor in the coherent part, and the remaining terms of the coherent part yield the hybridized band structure. It is seen that, in the metallic case, the incoherent contribution dominates the spectra for large values of the electron-boson coupling and that the hybridization gap in the density of states is only observable as a pseudogap for small values of the electron-boson interaction. This is consistent with the observation that most systems with hybridization gaps show only modest mass enhancements. The f quasiparticle density of states are shown in figure 6 for the temperatures k B T /hω E = 2, 1, 0.5, 0.4, 0.3, 0.2, 0.1 and values ofn = 0.1 and 0.25. It is noted that asn increases, the weight of the narrow peak at the Fermi energy increases, and the spectral weight in the region of the hybridization gap structure increases. Furthermore, the temperature scale which controls the intensity of the Fermi energy peak is much smaller that the temperature scale at which the hybridization pseudogap closes (the latter temperature scale is of the order ofhω E ).
Although the shape of the f quasiparticle spectrum cannot be directly compared with the results of ARPES measurements, the temperature dependence of the hybridization gap can. ARPES measurements on UPd 2 Al 3 were performed at the Synchrotron Radiation Center, Stoughton, WI on the PGM beamline. A Scienta4000 hemispherical analyzer was used with the energy resolution set to 15 meV and a photon energy 34 eV. The sample was cleaved in vacuum at high temperatures Figure 7 . Left: the temperature dependence of the hybridization gap E g inferred from transport measurements on the semiconducting material Ce 3 Bi 4 Pt 3 [14] . Right: the temperature evolution of the hybridization gap in metallic UPd 2 Al 3 .
and then cooled down while the photoemission spectra were collected. The temperature evolution of the hybridization gap (see figure 7) was extracted from the measured spectra by a numerical fitting procedure. A coherence temperature T * of 65 K was found, which is directly related to the formation of the quasiparticle weight and the onset of the hybridization gap, as can be seen in the right panel of figure 7 . In contrast with the gap extracted from transport measurements on the semiconducting material Ce 3 Bi 4 Pt 3 [3] which shows a similarity to the results of this theory, the results on UPd 2 Al 3 show a mean-field like temperature variation and are more consistent with a slave boson treatment in which the gap vanishes above T * .
